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Abstract

The experimental determination of certain properties of two-dimensionalfoams
at equilibrium is a dicult problem. In particular, determining the internal pres-
suresof bubbles and determining the exact position of bubble walls is of interest
to us. There is no way to know the internal pressureswithout intrusive measure-
ments and accurately digitising the location of the walls (especially if the foam is
very wet) is almost impossible.

This project aims to fully recreate a two-dimensional foam cluster, including
the bubble pressuresand wall curvatures, given the topology and the location of
the vertices of a small foam cluster in equilibrium.
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1 Intro duction

Examine the experimertally generatedfoam in Figure (1). It is quite dicult to de-
termine the curvature of the walls in the foam becausethe walls are very thick, which,
coupledwith a large radius of curvature makesany curve tting quite proneto errors.
It is equally di cult to calculatethe internal pressuresof the bubbleswithout invasive
measuremets that would disturb the bubble structure. Howeer it is relatively easyto
determinethe coordinates of the vertices, either manually or computationally, because,
even though the top sheetof glasscontaining the 2-d foam may be quite wet, it is still
possibleto distinguish the narrowest part of the vertical junction of the three walls. This
point is a slightly darker colour than the rest of the walls in Figure (1), for example.

Figure 1: An experimentally generatedfoam

Thus, the motivation behind this project is to nd an easyway to get numerical
curvature and pressuredata from experimertally or computationally generatedimages,
whereit is assumedhat the usercan somehav determineboth the topology and vertex
locations from the foam using other means.



2 Theory

2.1 General

Considera bubble clusterin equilibrium. Onefaceof onebubblein that clusteris shovn
in Figure (2).

Figure 2: One wall of a bubble cluster, | is the curved length, d is the straight-
line distance between two vertices, r is the radius of curvature and is the
angel of the arc.

Clearly the angle can be given by:

Thus the turning angleof the tangert to the wall bubble alongthe ertire length | is
also . We know that the internal anglesat eah vertex are 12(°, thus we can sa that
the sum of the turning anglesfor any particular bubble is given by:

X,

—+nNz-=2
i=1 Ti

Expressthe radii of curvature asa function of the pressuredi erence:

2

r.. =
! b B

Which gives:
X 2
(Pl = 3 6 n) (1)



Somesimple geometryyields the equation:
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2.2 Implemen tation

The generalprocedureto nd the exactform of any foam cluster is asfollows:
Initialise I 's to be the straight line lengths betweenthe two vertices.
Solwe eqn (1) for P;.

Find rj 's from P;'s.

Get ljj 's fromrj; 's.

Start again, but this time with the newly-calculatedvaluesfor [j .
Cortinue until the energyhascometo equilibrium.

Here we presert an exampleof this procedurefor a simple, symmetric, four bubble
cluster:

Figure 3: A symmetric four-bubble cluster

Usethe equation:
X 2
(r Py = 3 6 n)

i=1

for ead bubble above to get the equations:
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wherelL; is the total boundary length of bubblei. Now we setP; = 0 and
get:
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this is solable for P;, and we can use:
2
rij =
P B
to getr; , which we substitute into:
|
1 O
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to get |, which is the curved wall lengths. We cortinue in this fashion until the

total wall length has beenminimised.



3 Results

3.1 Overview

O & &

(a) 4 bubbles (b) 5 bubbles (c) 6 bubbles
(d) 11 bubbles (e) 12 bubbles (f) 20 bubbles

(9) 30 bubbles (h) 50 bubbles

Figure 4. A summary of some of the results. Figure 4(d) was created using
experimentally determined vertices, all the other clusters were generatedfrom
vertices provided by Simon Cox from his Surface Evolver simulations. Larger
versionsof all theseimagesare provided in the appendicesfor closerexamina-

tion.

Typical outputs from my program are shown in Figure (4). Supplemermary output
is alsoprinted to the screenin the form of the nal calculated pressuresf the bubbles.
There are also se\eral di erent outputs that can be usedfor debuggingpurposessut
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as printing the initial conditions and printing the bubble index numbers in the nal
output.

3.2 Bubble Pressures

Figure 6: Thirt y bubble cluster shawing relative normalised pressures

Bubble pressuresare calculated during the courseof the calculation. Figures (5),
(6) & (7) shaw twenty, thirty & ft y bubble clustersrespectively and the normalised
pressuresof ead individual bubble. There are se\eral featuresvisible in thesediagrams
that onewould expect to see.Firstly, in the ft y bubble cluster there is a large area of
six-sidedbubblesin the certer that all have the samepressures.This is to be expected
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Figure 7: Fifty bubble cluster shawving relative normalised pressures

as hexagonsare the natural arrangemen for bubblesin equilibrium. Towards the edge
of this cluster there are many smaller bubbles, all of which have higher pressures. It

is clear that the six-sidedbubbleshave lower pressureghan those bubblesthat have a
lower number of sides.

3.3 Comparisons
3.3.1 Bubble Shapes

We can comparethe generatedbubble shapeswith two other typesof data, namely ex-
perimertal data and simulated data. Figure (8) shows reconstructeddata superimposed
on top of experimertal data. The vertices used for the reconstruction were acquired
by digitising the experimertal image. As you can seethe imagesappear to be iden-
tical in terms of position and curvature of the walls. Figure (9) comparesa di erent
reconstructedfoam with the computationally generatedstructure that its verticeswere
derived from. Onceagain, it is clearthat the two imagesare almostidertical, with any
minor di erences sosmall asto be undetectible.



Figure 8: Image of bubble cluster shovn in Figure (1) on page 1, with the
reconstructed structure superimposedin blue.

Figure 9: A comparison of Simon Cox's Surface Evolver calculation (in blue)
and my bubble structure (in black) generated from vertices taken from his
calculation. The line widths are almost identical and you can seethat the blue
lines are almost totally obscured.

3.3.2 Bubble Pressures

Figure (10) compareghe reconstructedpressuresvith the pressuresalculatedby Simon
Cox using Surface Evolver. The di erences in pressuresdetected are mostly lessthan
0.001%of Simon Cox's calculated pressures. This number is so low as to be almost
negligible. Howewer, it should be noted that bubbles 13, 17 & 19 have the highest
percenage di erence. If you examinethe bubble-rumbering sdheme for this cluster
given in Figure (19) on pageC-6 in Appendix C, you will note that thesebubblesare
the smallestbubblesin the cluster (apart from bubble 15, which was the smallest, but
was used for normalising, thus having di erence zero). This points to growing loss of
accuracyfor small bubblesin either my systemor Surfacee Evolver's calculationswhen
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Figure 10: PressureDi erences

dealingwith small bubbles.

3.4 Non-equilibrium initial conditions

Figure 11: Inital conditions for non-equilibrium conditions. The black lines
represent the equilibrium conditions, the red lines show a point on the outside
being displacedand the blue lines showv a point on the interior being displaced.
One point has beenmoved in eat case.

Figure (11) shows a twenty bubble cluster (in bladk) with two non-equilibrium clus-
ters (in red and blue) superimposedon the top. It was found that the program will
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Figure 12: Reconstructedfoamsfor non-equilibrium conditions. The black lines
represent the equilibrium conditions, the red lines show a point on the outside
being displacedand the blue lines shaw a point on the interior being displaced.
It is apparert that the program will do its best to form a foam given the
initial veritces, if those vertices do not represer an equilibrium foam then the
program will do the bestit can.

operate even whenthe verticesfed to it are non-equilibrium veritces. Figure (12) shows
the results. In both casesmost of the cluster was renderedcorrectly, with someminor
defectscloseto the point of error. In the blue case,wherean internal vertex was moved
a small distance,there is only noticable di erences around the vertex and in the nearest
boundary bubble. In the red case wherean external vertex wasmoved a larger distance,
there is a di erence on two of the boundary bubblesand around the vertex.

Giventhe distancesthat the verticesweremoved, it is clearthat this reconstructionis
remarkably tolerent to defectsin the verticespositionsif only a small number of vertices
areincorrect. The "damage” causedby an incorrect vertex will always be localisedand
will not tend to spreadthroughout the foam to a large extert.
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4 Limitations

4.1 Finite Clusters

This method of reconstructionis limited to nite clustersof bubbles,i.e. it is not able
to reconstruct a random sector of a larger foam. The logic usedin this reconstruction
technigue dependsin part on the fact that outside the area we are interested in the
pressureis zero. This would obviously not be true if we looked at a sectionof a larger
foam.

4.2 Small Clusters

This program cannot deal with small clusters. It will not draw any long arc bubbles,
i.e. it will not draw any arcsthat bulge out more than 18(P. Also it cannot handlethe
single bubble casebecauseit does not have any vertices, and thus the turning angles
cannot be calculated.

4.3 Generation of input les

There is another very real limitation of the usefulnesf this reconstruction technique.
It is very tedious to generatethe input les for this program. Most of the dicult y
with this input is that specifying the topology of the foamis a complex(and long) task.
When this was done by the author during the author during the completion of this
project, the largestfoam usedwasa ft y bubble cluster, this cluster took on the order
of 30 minutes to digitise and to generatethe input le. It is clearthen that for really
big clustersthe time neededto generatethe input le will increasedramatically and
will be prone to errors. There is a debuggingcommand-lineoption to help you chek
for mistakesin the input les (-check). Furthermore the input le format is explained
in detail in Appendix B.
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5 Conclusion

In this paper | have shown that it is possibleto reconstruct a foam from two initial

conditions; topology and vertex locations. | have sucessfullyreconstructeda range of
experimertally and computationally generatedimages, and | have shovn that these
reconstructionsagreewith all the experimertal and computational data available to us.
Also | have shawn that errorsin the input coordinateswill only result in local mistakes
in the foam and that theseerrorswill not a ect the foam asa whole.
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App endix

A Code

The following codeis the function that doesall the work in this program. The while loop
online 18will cortinueto adjust the pressuresnd radii of curvature until the energyhas
beenminimised or a certain number of iterations have beenreaded, whichewer comes
rst.

calculate(int *n, int **array, double *** coords, int *** registry, double
*** straight _length, double *** curved_length, double
*** new_curved_length, double *** radius_of_curvature, double **C, double
** P double ** M, double *energy, double *old_energy, double *tolerance,
double *weight, double *iterations)f

int i, j, k, I, count=0;
k = (*array)[O];

for (i=0; i<=(* n); i++) f
for(j=i; j<=(* n); j++) f
*energy += (*curved_length)[i][j];

g
printf ("0:  %If\in" , (*energy));

while (count< (*iterations) && (fabs(*energy *old_energy)> (*tolerance)))f
cournt++;
[* create the rhs of the matrix */
for (i=(k *n 1)i<k;i++) f
if ((* coords)[i][0] != O)f
*O)[((int)(* coords)[i][0]) 1] = ((2.0*PI*MU)/3.0)*(6 ((int)(* coords)[i][1]));

[* create the M matrix */
for (i=0; i< (*n); i++) f
for (j=0; j<(*n); j++) f
(M)[]NT = 0.0;
if (i == j)f
for (I=0; I<=(* n); I++) f
*M)[i][] += (*curved_length)[i+1][I];
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elsef
M1 = (*curved_length)[i+1][j+1];

g

/* do the matrix solving */
gaussianelimination (&* M, &*C, *n);
badk_substitution (&* M, &*C, &* P, *n);

/* re-arrange P to account for P[0] the vacuum pressue */
for (i=(* n); i>=1; i )f
¢P)il = P)[i 1];
g
(*P)IO] = O;

[* calculate the radii of curvature */
for (i=0; i<=(* n); i++) f
for (j=0; j<=(* n); j++) f
if ((*registry)[i][j] == 1)f
(*radius_of_curvature)[i][j] = (2.0*MU)/((* P)[i] *P)[iD;
if ((* radius_of_curvature)[i][j] < BIG)f
(*radius_of_curvature)[i][j] = BIG;
g
if (* radius_of_curvature)[i][j] > BIG)f
(*radius_of_curvature)[i][j] = BIG;

g

g

/* calculate curved lengths */
for (i=0; i<=(* n); i++) f
for (j=0; j<=(* n); j++) f
if (* registry)[i][j] == 1)f
if (fabs((* radius_of_curvature)[i][jI) > (BIG 1))f
(*curved_length)[i][j] = (*straight_length)[i][j];
g
elsef
if ((* straight _length)[i][j]/(2* fabs((* radius_of_curvature)[i][j])) > 1.0)f
(*new_curved_length)[i][j] = (PI*((* straight _length)[i][j]))/2.0;
g
elsef
(*new_curved_length)[i][j] = fabs((* radius_of_curvature)[i][j])
*2* asin(((* straight _length)[i][j])/(2* fabs(((* radius_of_curvature)[i][j1))));
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g
(*curved_length)[i][j] = ((* weight)*((* curved_length)[i][j]))
+((1.0 (*weight))*((* new_curved_length)[il[i]));

85 g

*old_energy = *energy;
90 *energy = 0.0;

for (i=0; i<=(* n); i++) f
for (j=i; j<=(* n); j++) f
(*energy) += (*curved_length)[i][j];
95 g

printf ("%i: %If\n" , count+1, (*energy));

100 ¢




B Sample Input File
Below is a sampleinput le, for the four-bubble cluster shavn in Figure (3).

-0.343962759785536 0.595674619746094
-0.343969727338344 -0.595701347379678
0.687796925645181-0.00001248452384
-0.45531647990125 0.788546609891099
-0.455321477622829 -0.788565965092777
0.910500891276261-0.00001217294436

03154246465
14054241312425
24046463331114
33213432121
44323236065152

The le should have a seriesof lines at the top with two numbers per line, beneath
that there should be a blank line followed by seeral lines, eat one specifying the
topology of eat bubble. Each of thesevertex lineshas2+ (3 n) numberswheren is
the number of neighbours that the particular bubble has. Bubble O must be the outside
bubble. The rst number is the number assignedo eat bubble, the secondnumber is
the number of sidesthe bubble has,and the remaining groupsof three arein the format
"neighbour, vertex number, vertex number”, which simply tells you the two vertices
that are joined togetherto form the wall that separateshe bubble and its neighbour.
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C Full-size versions of images

Below | have reproducedfull-sized versionsof all the imagesusedin this report. These
are provided to enablecloserexamination of the structures, if necessary

Figure 13: A symmetric four-bubble cluster

Figure 14: A symmetric v e-bubble cluster
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Figure 15: A symmetric six-bubble cluster
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Figure 16: Reconstruction of an experimentally generatedcluster



Figure 17: Recreation of a twelve bubble cluster generatedby Surface Evolver.
This gure may not be at equilibrium asthe topology wasnot allowedto change

while it was being created



Figure 18: A twenty bubble cluster



Figure 19: A twenty bubble cluster, including bubble indices
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Figure 20: A thirt y bubble cluster









Figure 23: Normalised pressuresof a thirt y bubble cluster
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Figure 24: Normalised pressuresof a ft y bubble cluster
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Figure 25: A reconstruction (in black) superimposedon Surface Evolver's cre-
ation (in blue)
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Figure 26: A reconstruction (in blue) superimposedon an experimertally gen-
erated image
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Figure 27: Inital conditions for non-equilibrium conditions. The black lines
represent the equilibrium conditions, the red lines show a point on the outside
being displacedand the blue lines shaw a point on the interior being displaced.
One point has beenmoved in eat case.
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Figure 28: Reconstructedfoamsfor non-equilibrium conditions. The black lines
represern the equilibrium conditions, the red lines show a point on the outside
being displacedand the blue lines show a point on the interior being displaced.
It is apparert that the program will do its best to form a foam given the
initial veritces, if those vertices do not represert an equilibrium foam then the
program will do the bestit can.
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